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\S 1. Cyclic polytopes and stacked polytopes
In this section we briefly summarize the definition and basic facts of
cyclic polytopes and stackd polytopes according to [Bil-Lee] and $[\mathrm{B}\mathrm{r}\emptyset]$ . See
those references for the detailed information.
Let $\mathrm{R}$ denote the set of real numbers. For any subset $M$ of the d-
dimensional Euclidean space $\mathrm{R}^{d}$ , there is a smallest convex set containing
$M$ . We call this convex set the convex hull of $M$ and denote it by conv$M$ .
For $d\geq 2$ the moment curve in $\mathrm{R}^{d}$ is the curve parametrized by
$t-x(t)$ $:=(t, t^{2..d},\cdot, t)$ , $t\in \mathrm{R}$ .
By a cyclic polytope $C(v, d)$ , where $v\geq d+1$ and $d\geq 2$ , we mean a poly-
tope $\mathcal{P}$ of the form $\mathcal{P}=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{V}\{x(t_{1}), \cdots, x(t)v\}$ , where $t_{1},$ $\cdots,$ $t_{v}$ are distinct
16
real numbers. It is well known that $C(v, d)$ is a simplicial $d$-polytope with
the vertex set $\{x(t_{1}), \cdots, x(t)v\}$ , and its face lattice is independent of the
particular.values of $t$ . Therefore its boundary complex is a simplicial com-
plex and has the same combinatorial structure for any choices of vertices.
We denote it by $\triangle(C(v, d))$ .
Let $V=\{x_{1}, \cdots , x_{v}\}$ be the vertex set of $C(v, d)$ . Let $W$ be a proper
subset of $V$ . A subset $X$ of $W$ of the form $X=\{x_{i}, Xi+1, \cdots, xj\}$ is said to
be a contiguous subset of $W$ if $i>1,j<v,$ $x_{i-1}\not\in W$, and $x_{j+1}\not\in W$ . The
set $X$ is a lefl end-set of $W$ if $i=1$ and $x_{j+1}$ . $\not\in W$ , and a right end-set of
$W$ if $j=v$ and $x_{i-1}\not\in W$ . We say that $X$ is a component of $W$ if $X$ is a
contiguous subset or an end-set of $W$ . A subset $X$ of $W$ is said to be even
(resp. odd) if the number of elements in $X$ is even (resp. odd). The set $W$
can be written uniquely in the form $W=Y_{1}\cup X_{1}\cup\cdots\cup X_{n}\cup Y_{2}$ , where
$X_{i},$ $1\leq i\leq n$ , is a contiguous subset of $W$, and $\mathrm{Y}_{i},$ $i=1,2$ , is an end-set of
$W$ or an empty set. We quote two facts which are necessary later. We may
abuse notation and call a $\mathrm{s}..\mathrm{u}\mathrm{b}_{\mathrm{S}\mathrm{e}}\mathrm{t}W$ of $V$ itself a face of $C(v, d)$ if conv$W$ is
a face of $C(v, d)$ .
(1.1) LEMMA ( $[\mathrm{B}\mathrm{r}\emptyset$ , Theorem 13.7]). Let $W$ be an $m$ -element subset
of $V$ , where $m\leq d$ . Then $W$ is an $(m-1)$ -face of $C(v, d)$ if and only if the
number of odd contiguous subsets of $W$ is at most $d-m$.
(1.2) LEMMA ( $[\mathrm{B}\mathrm{r}\emptyset$ , Corollary 13.8]). Let $m$ be an integer such that
$1 \leq m\leq[\frac{d}{2}]$ . Then all $m$ -element subsets of $V$ are $(m-1)$ -faces of $C(v, d)$ .
Now we define a stacked polytope inductively. Starting with a d-simplex,
one can add new vertices by building shallow pyramids over facets to obtain
a simplicial convex $d$-polytope with $v$ vertices, called a stacked polytope.
UPPER BOUND AND LOWER BOUND THEOREM. Let $P$ be a $d-dimensiona\iota$
simplicial polytope with $v$ vetices. Let $C$ (resp. $S$) be a $d$-dimensional cyclic
(resp. stacked) polytope with $v$ vetices. Then we have
$f_{i}(S)\leq fi(\mathcal{P})\leq fi(c).$ ,
where $f_{i}(P)$ stands for the number of $i$ -facces of a polytope P.
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\S 2. Hochster’s formula
Given a subset $W$ of $V$ , the restriction of $\Delta$ to $W$ is the subcomplex
$\triangle w=\{\sigma\in\Delta|\sigma\subset W\}$
of $\Delta$ . In particular, $\Delta_{V}=\Delta$ and $\triangle 0=\{\phi\}$ .
Let $\tilde{H}_{i}(\triangle;k)$ denote the i-th reduced simplicial homology group of $\triangle$ with
the coefficient field $k$ . Note that $\tilde{H}_{-1}(\triangle;k)=0$ if $\Delta\neq\{\phi\}$ and
$\tilde{H}_{i}(\{\phi\};k)=$
Hochster’s formula [Hoc, Theorem (5.1)] is that
$\beta_{i_{j}}=\sum_{=W\subset V,\#(}\backslash \dim k\tilde{H}_{ji}--1(w_{)j}\Delta w;k)$
.
Thus, in particular,
$\beta_{i}A(k[\triangle])=\sum\dim W\subset V\tilde{H}k\#\mathrm{t}^{w})-i-1(\Delta W;k)$ .
Some combinatorial and algebraic applications of Hochster’s formula
have been studied. See, e.g., [Bac], $[\mathrm{B}-\mathrm{H}_{1}],$ $[\mathrm{B}-\mathrm{H}_{2}]$ , [Mun], $[\mathrm{H}_{2}]$ , [H3], $[\mathrm{H}_{4}]$ ,
[H5], and $[\mathrm{T}-\mathrm{H}_{1}]$ .
\S 3. Betti numbers of Stanley-Reisner rings
associated with cyclic polytopes
In this section we compute the Betti numbers of a minimal free reso-
lution of the Stanley-Reisner ring $k[\triangle(c(v, d))]$ of the boundary complex
$\Delta(C(v, d))$ of the cyclic polytope $C(v, d)$ .
We fix a field $k$ .
If the dimension $d$ is even, a minimal free resolution of $k[\Delta]$ is pure and
the Betti numbers can be easily computed from the Hilbert function of $k[\triangle]$ .
(3.1) PROPOSITION $([\mathrm{S}\mathrm{c}\mathrm{h}])$ . Let $\triangle$ be the boundary complex $\triangle(C(v, d))$
of the cyclic polytope $C(v, d)$ , where $d\geq 2$ is even. Then a minimal free
resolution of $k[\triangle]$ over $A$ is of the form:
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$\mathrm{O}arrow A(-v)arrow A(-v+\frac{d}{2}+1)^{\beta_{v-}d-1}arrow$
$... arrow A(-\frac{d}{2}-2)^{\beta_{2}}arrow A(-\frac{d}{2}-1)^{\beta_{1}}arrow Aarrow k[\triangle]arrow 0$ ,
where for $1\leq i\leq v-d-1$ ,
$\beta_{i}=+$ .
Our formula on $\beta_{i}$ in Proposition 3.1 is, in fact, a little bit different from
the one in [Sch]. But it is easy to show that they are coincident.
If the dimension $d$ is odd, the minimal free resolution of $k[\triangle]$ is not pure,
and the situation is much more complicated.
Now we state the main theorem in this chapter.
(3.2) THEOREM. Let $\triangle$ be the boundary complex $\triangle(C(v, d))$ of the
cyclic polytope $C(v, d)$ , where $d\geq 3$ is odd. Then a $\dot{\min}i\uparrow\acute{n}al$ free resolution
of $k[\triangle]$ over $A$ is of the form:
$\mathrm{O}arrow.A(-v)arrow A(-v+[\frac{d}{2}]+2)^{b_{v-d-1}}\oplus A(-v+[\frac{d}{2}]+1)^{b_{1}}arrow$
. :.‘ $\cdot\cdotarrow A(-[\frac{d}{2}]-2)^{b_{2}}\oplus.A(-[\frac{d}{2}]-3)^{b_{v-}}d-2arrow A(-:[\frac{d}{2}$
.
$]_{:|}-1:’.)..b_{1}$
$\oplus A(-[\frac{d}{2}]-2)^{b}v-d-1arrow Aarrow k[\triangle]arrow 0,$
. $\cdot.$. .$\cdot$. $-$
where for $1\leq i\leq v-d-1$ ,
$b_{i}=$ .
Even if the geometric realization $|\Delta|$ of a simplicial complex $\Delta$ is a
sphere, a Betti number of the Stanley-Reisner ring $k[\triangle]$ may depend on the
base field $k$ in general. See [$\mathrm{T}-\mathrm{H}_{1}$ , Example 3.3]. But as for the boundary
complexes of cyclic polytopes we have the following result:
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(3.3) COROLLARY. Let $\Delta$ be the boundary complex $\triangle(C(v, d))$ of
the cyclic polytope $C(v, d)$ , where $d\geq 2$ . Then all the Betti numbers of the
Stanley-Reisner ring $k[\Delta]$ are independent of the base field $k$ .
We show unimodality of the Betti number sequence
$(\beta_{0}, \beta_{1}, \cdots , \beta_{v-d})$ of the Stanley-Reisner ring $k[\Delta(c(v, d))]$ associated with
$C(v, d)$ . Since this sequence is symmetric, i.e., $\beta_{i}=\beta_{v-d-i}$ for every $0\leq$
$i\leq v-d$ , the unimodality means $\beta_{0}\leq\beta_{1}\leq\cdots\leq\beta_{[}\langle v-d)/2]$ .
(3.4) COROLLARY. Let $\triangle$ be the boundary complex $\Delta(C(v, d))$ of
the cyclic polytope $C(v, d)$ . Then, the Betti number sequence
$(\beta_{0}(k[\Delta]), \beta_{1}(k[\triangle]), \cdots, \beta_{v-d}(k[\triangle]))$ of the Stanley-Reisner ring $k[\Delta]$ over
$A$ is unimodal.
We prepare several lemmas to prove the theorem. We put $\triangle=\Delta(C(v, d))$
and $V=\{1,2, \cdots, v\}$ for simplicity, and fix an odd integer $d\geq 3$ .
(3.5) LEMMA. If $v$ is odd and $W=\{1,3,5, \cdots, v\}$ , then
$\tilde{H}_{1^{\frac{d}{2}}]1}-(\Delta W;k)=0$ .
Proof. We have $H_{[\frac{d}{2}1^{-1}}(\Delta_{W;k)}\cong H_{1^{\frac{d}{2}}1}(\Delta_{V-W};k)$ by the Alexander du-
ality theorem (see, $\mathrm{e}.\mathrm{g}.,[\mathrm{S}\mathrm{t}\mathrm{a}_{1},$ $\mathrm{p}76]$ ). Since $V-W=\{2,4, \ldots , v-1\}$ , if $\sigma$ is
a subset of $V-W$ with $\#(\sigma)>[\frac{d}{2}]$ , then $\sigma$ does not belong to $\Delta$ by Lemma
1.1. Thus we have $\tilde{H}_{[\frac{d}{2}1}(\Delta_{V-W};k)=0$ . Q.E.D.
(3.6) LEMMA. If $v$ is even and $W=\{1,3,5, \cdots, v-1\}$ , then
$\tilde{H}_{[\frac{d}{2}]-1}(\triangle_{W};k)=0$ .
Proof. All the maximal faces of $\Delta_{W}$ are of the form $\{1\}\cup\sigma$, where
$1\not\in\sigma,$ $\sigma\subset W,$ $\#(\sigma)=[\frac{d}{2}]$ . Thus $\triangle_{W}$ Is acone with apex {1}. Hence we
have $\tilde{H}_{[\frac{d}{2}]-1}(\Delta_{W;k)}=0$ . Q.E.D.
(3.7) LEMMA. If $v$ is even and $W=\{2,4,6, \cdots, v\}$ , then
$\tilde{H}_{[\frac{d}{2}]-1}(\triangle w;k)=0$ .
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$0arrow C_{d}arrow C_{d-1}arrow\cdotsarrow C_{1}arrow C_{0}arrow C_{-1}arrow 0$
be the augmented chain complex of the simplicial complex $\Delta_{W}$ over $k$ . Then
we have $C_{[\frac{d}{2}]}=0$ and, for $j<[ \frac{d}{2}]$ , all the $(j+1)$-subsets of $W$ form a basis of
$C_{j}$ as a vector space by Lemmas 1.1 and 1.2. Thus we have $\tilde{H}_{j}(\triangle w;k)=0$
for all $j<[ \frac{d}{2}]-1$ . Hence, the Euler-Poincar\’e formula (see, $\mathrm{e}.\mathrm{g}.,[\mathrm{B}\mathrm{r}\mathrm{u}$-Her,
p223]) gives
$\dim_{k\frac{d}{2}}\tilde{H}_{[]}-1(\triangle_{W};k)$





(3.9) LEMMA. Let $W$ be a non-empty proper subset $ofV$ with a unique
decomposition
$W=\mathrm{Y}_{1}\cup X_{1}\cup x_{2}$ $U...\cup X_{n^{\cup \mathrm{Y}_{2}}}$
for some $n\geq 0$ , where $X_{i},$ $1\leq i\leq n$ , is a contiguous subset and $Y_{i},$ $i=1,2$ ,
is an end-set or an empty set. Then
$\dim k\tilde{H}_{1]-}\frac{d}{2}1(\Delta W;k)=\{$
$(_{[\frac{-d}{2}]}^{n1})$ , if $Y_{1}=\emptyset$ and $Y_{2}=\emptyset$ ,
$0$ , otherwi.se,
where we define $(_{[\frac{-d}{2}]}^{n1})=0$ if $n-1<[ \frac{d}{2}]$ .
Proof. We prove the lemma by induction on the number $v$ of vertices.
First let $v=d+1$ . Then $C(v, d)$ is a $d$-simplex. Thus $\tilde{H}_{[\frac{d}{2}]-1}(\triangle_{W;}k)=0$
for every subset $W\subset V$. Since $n \leq[\frac{v-1}{2}]=[\frac{d}{2}]$ , the lemma holds.
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Next let $v>d+1$ . Let
$V-W=x_{1}’\cup x’\cdots\cup X_{n+1}\prime 2^{\cup}$
be a unique decomposition, where $X_{i}’,$ $1\leq i\leq n+1$ , is acomponent of
$V-W$. Suppose there exists $X_{i}’(1\leq i\leq n+1)$ with $\#(X_{i}’)\geq 2$ . Let $j$ be
an element of $X_{i}’$ . Put $V’=V-\{j\}$ . Note that $W\subset V’$ . We consider the
simplicial complex $\triangle’=\triangle(C(v-1,d))$ on the vertex set $V’$ . Then we have
$\Delta_{W}’=\triangle_{W}$ by Lemma 1.1. Thus we have $\tilde{H}_{j}(\triangle_{W;}k)=\tilde{H}_{j}(\triangle_{W}^{J};k)$. By the
induction hypothesis, we are done in this case.
We put $X_{0}:=Y_{1},X_{n+1}:=Y_{2}$ . Next suppose there exists $X_{i}(0\leq i\leq$
$n+1)$ with $\#(X_{i})\geq 2$ . Let $j$ be an element of $X_{i}$ . Put $V’=V-\{j\}$ . We
consider the simplicial complex $\triangle’:=\triangle(C(v-1,.d))$ on the vertex set $V’$ .
Then we have $\Delta_{V-W}’=\triangle_{V-W}$ by Lemma 1.1. By Alexander duality, we
have
$\tilde{H}_{[\frac{d}{2}]-}(1\triangle w;k)\cong\tilde{H}[\frac{d}{2}](\Delta_{V}-W;k)=\tilde{H}[\frac{d}{2}](\Delta’V-W;k)\cong\tilde{H}_{[\frac{d}{2}]-1}(\triangle’;wk)$ .
Thus we are done in this case.
In the remaining case we may assume $\#(X_{i})=1$ for $1\leq i\leq n,$ $\#(X_{i}’)=1$
for $1\leq i\leq n+1$ and $\#(Y_{i})\leq 1$ for $i=1,2$ . But in this case we have the
desired result by Lemmas 35, 36, 37, and 38. Q.E.D.
Proof of Theorem 3.2. Since $k[\triangle]$ is Gorenstein (see, e.g., [Bru-Her,
Corollary 5.5.6]), we have $\mathrm{h}\mathrm{d}_{A}k[\triangle]=v-d$ . Let
$0arrow F_{v-d}arrow\cdotsarrow F_{2}arrow F_{1}arrow Aarrow k[\triangle]arrow 0$
be a minimal free resolution of $k[\triangle]=A/I_{\Delta}$ over $A$ . By Lemma 1.2, we
have $\min\{\alpha\in \mathrm{Z};(I_{\Delta})_{\alpha}\neq 0\}=[\frac{d}{2}]+1$ . Then $F_{1}$ has a direct summand of
the form $A(-[ \frac{d}{2}]-1)b_{1}$ with $b_{1}>0$ and $F_{i},$ $1\leq i\leq v-d-1$ , may have
$A(-[ \frac{d}{2}]-i)^{b:}$ with $b_{i}\geq 0$ as a direct summand. We have $F_{v-d}=A(-v)$
and $F_{i},$ $1\leq i\leq v-d-1$ , may have $A(-v+[ \frac{d}{2}]+(v-d-i))^{b}v-d-\dot{\cdot}=$
$A(-[ \frac{d}{2}]-i-1)^{b_{v}}-d-i$ as a direct summand by the self-duality of the minimal
free resolution (see, e.g., $[\mathrm{S}\mathrm{t}\mathrm{a}_{1},$ $\mathrm{p}59]$ ). By [$\mathrm{B}-\mathrm{H}_{2}$ , Proposition 1.1] we can
easily check that other shiftings do not appear, since $k[\triangle]$ is Gorenstein.
Thus we obtain the desired form of the minimal free resolution of $k[\Delta]$ .
We now determine the graded Betti numbers $b_{i},$ $1\leq i\leq v-d-1$ . By
Hochster’s formula we have
$b_{i}= \beta_{i_{\mathrm{l}^{d}}}\tau^{\mathrm{l}+:}=\sum_{\# W\subset V,(W)=[\frac{d}{2}]+i}\dim k\tilde{H}\frac{d}{2}]-1([\Delta_{W};k)$
.
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Let $c_{i}(n)$ denot$e$ the number of $([ \frac{d}{2}]+i)$ -subsets $W$ of $V$ such that $W$ has
a unique decomposition $W=X_{1}\cup X_{2}\cdots\cup X_{n}$ where $X_{i},$ $1\leq i\leq n$ , is
a contiguous subset of $W$ . Then $c_{i}(n)$ is the number of positive integer






By Lemma 3.9 and combinatorial identities in [$\mathrm{B}\mathrm{r}\emptyset$ , Appendix 3] we have






\S 4. Betti numbers of Stanley-Reisner rings
associated with stacked polytopes
Our main result in this chapter is to present a combinatorial formula for
the computation of the Betti numbers of the Stanley-Reisner ring associated
with the boundary complex of a stacked $d$-polytope $P(v,d)$ with $v$ vertices.
(4.1) THEOREM. Fix $v>d\geq 3$ . Let $P(v, d)$ be a stacked d-polytope
with $v$ vertices and $\Delta(P(v, d))$ its boundary complex. Then, a minimal free
resolution of the Stanley-Reisner ring $k[\triangle(P(v, d))]=A/I_{\Delta(P(v},d))$ over $A$
is of the form




$arrow A(-2)^{b_{1}}\oplus A(-d)^{b}v-d-1arrow Aarrow k[\Delta(P(v, d))]arrow 0$ ,
where
$b_{i}=i$
for each $1\leq i\leq v-d-1$ .
When $d=2,$ $\triangle(P(v, 2))$ is the cycle $C_{v}$ with $v$ vertices. A minimal free
resolution of $k[C_{v}]=A/I_{C_{v}}$ over $A$ is a pure resolution, which is discussed
in, e.g., $[\mathrm{B}-\mathrm{H}_{1}]$ and $[\mathrm{B}-\mathrm{H}_{2}]$ .
(4.2) COROLLARY. Every Betti number $ofk[\triangle(P(v, d))]=A/I_{\Delta(}p(v,d))$
over $A$ is independent of the base field $k$ and of the combinatorial type of
$P(v,d)$ .
(4.3) COROLLARY. Fix $v>d\geq 3$ . Let $P=P(v, d)$ a stacked
$d$-polytope with $v$ vertices and $\Delta=\Delta(P)$ its boundary complex. Then, the
Betti number sequence $(\beta_{0}, \beta_{1}, \cdots, \beta_{v-}d)$ of $k[\Delta]=A/I_{\Delta}$ over $A$ is unimodal.
To prove the theorem we prepare several lemmas. Let $P=P(v, d)$
be a stacked $d$-polytop$e$ with the vertex set $V,$ $\#(V)=v,$ $\triangle=\triangle(P)$ the
boundary complex of $P$ , and $F$ a facet of $P$ with the vert $e\mathrm{x}$ set $X$ . Let
$P’$ denote a stacked $d$-polytope with $(v+1)$-vertices which is obtained by
building a shallow pyramid over $F$ with a new vertex $\alpha$ , and $\triangle’$ the boundary
complex of $P’$ . Let $V’=V\cup\{\alpha\}$ be the vertex set of $\Delta’$ and $W$ a subset of
$V’$ . We fix a base field $k$ .
(4.4) LEMMA. (a) If $a\not\in W$ and $X\not\subset W$ , then
$\Delta_{W}’=\triangle_{W}$ .
(b) If $\alpha\not\in W,$ $W\neq V$ and $X\subset W$ , then
$\dim_{k}\tilde{H}_{i}(\Delta_{W}’;k)=\{$
$\dim_{k}\tilde{H}_{i}(\triangle W;k)$ $(i\neq d-2)$
$\dim_{k}\tilde{H}_{i(}\triangle W;k)+1$ $(i=d-2)$ .
(c) If $\alpha\in W$ and $X\cap W\neq\emptyset$ , then, for each $i$ , we have
$\tilde{H}_{i}(\triangle_{w}’; k)\cong\tilde{H}_{i}(\triangle_{w-\{\alpha\};)}k$ .
24
(d) If $\alpha\in W,$ $W\neq\{\alpha\}$ and $X\cap W=\emptyset$ , then
$\dim_{k}\tilde{H}_{i(;)=}\triangle\prime Wk\{$
$\dim_{k}\tilde{H}_{i}(\triangle_{W}-\{\alpha\};k)$ $(i\neq 0)$
$\dim k\tilde{H}i(\triangle_{W-}\{\alpha\};k)+1$ $(i=0)$ .
Proof. (a) In general, $\triangle’=(\Delta-\{X\})\cup\{\sigma\subset V’|\sigma\subset X\cup\{\alpha\},\sigma\neq X\}$ .
Hence, we have $\Delta_{W}’=\Delta_{W}$ if $\alpha\not\in W$ and $X\not\subset W$ .
(b) Let $\Gamma$ denote the set of all subsets of $X$ and set $\partial\Gamma=\Gamma-\{X\}$ . Then
$\Delta_{W}’\cup\Gamma=\triangle_{W}$ and $\Delta_{W}’\cap\Gamma=\partial\Gamma$ . Since $\Gamma$ is a simplicial $(d-1)$-ball, $\partial\Gamma$
is a simplicial $(d-2)$-sphere and $\tilde{H}_{d-1}(\triangle_{W};k)=0$ , the required equalities




(c) If $X\subset W$ , then the geometric realization of $\triangle_{W}’$ is homeomor-
phic to that of $\triangle_{W-\{\alpha\}}$ . Thus $\tilde{H}_{i}(\triangle_{W}’;k)\cong\tilde{H}_{i}(\Delta_{W\{\alpha\};k}-)$ for each $i$ . On
the other hand, if $X\cap W\neq X$ , then $\triangle_{W-\{\alpha\}}\cup\triangle_{W(\{\alpha}’\cap$ } $\cup X$ ) $=\triangle_{W}’$ and
$\Delta_{W-\{\alpha\}}\cap\Delta_{W}’\cap(\{\alpha.\}\cup X)=\Delta_{W\cap X}$ . Since both $\triangle_{W\cap(\{\alpha}’$} $\cup X$ ) and $\triangle_{W\cap X}$ are
contractible, again the reduced Mayer-Vietoris exact sequence guarantees
the desired equalities.
(d) Since $\Delta_{W}’$ is the disjoint union of $\triangle_{W-\{\alpha\}}$ and one point $\{\alpha\}$ , we
immediately have the required equalities. Q. E. D.
(4.5) LEMMA. Let $\Delta=\triangle(P)$ denote the boundary complex of a
stacked $d$-polytope $P=P(v, d)$ with the vertex set $V,$ $\#(V)=v$ . Then,
for every non-empty subset $W$ of $V$ with $W\neq V$ and for each $i\neq 0,$ $d-2$ ,
we have
$\tilde{H}_{i}(\triangle w;k)=0$ .
Proof. If $v=d+1$ , i.e., $P$ is a $d$-simplex, then $\triangle_{W}$ is contractible.
Hence, $\tilde{H}_{i}(\triangle_{W;}k)=0$ for each $i$ . We now work with the same situa.t $\mathrm{i}_{\backslash }\mathrm{o}\mathrm{n}$ as
in the above Lemma 4.4 and suppose that $\tilde{H}_{i}(\triangle_{W;}k)=0$ for every non-
empty subset $W$ of $V$ with $W\neq V$ and for each $i\neq 0,$ $d-2$ . Let $W$ be
a non-empty subset of $V’$ with $W\neq V’$ . If $W=V’-\{\alpha\}$ , then $\Delta_{W}’$ is
a simplicial $(d-1)$-ball. Hence, $\tilde{H}_{i}(\triangle_{W;}k)=0$ for each $i$ . Moreover, if
$W=\{\alpha\}$ , then $\tilde{H}_{i}(\Delta_{W;}k)=0$ for each $i$ . On the other hand, if $W$ is a
non-empty subset of $V’$ with $W\neq V’$ such that $W\neq V$ and $W\neq\{\alpha\}$ , and
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if $i\neq 0,$ $d-2$ , then $\dim_{k}\tilde{H}_{i}(\triangle_{W}’;k)=\dim_{k}\tilde{H}_{i}(\triangle_{W}-\{\alpha\};k)$ by Lemma 44.
Hence, $\tilde{H}_{i}(\triangle_{W};k)=0$ as desired. Q. E. D.
Fix $d\geq 3$ , and keep the notation $P,$ $P’,$ $\triangle$ and $\triangle^{J}$ as above. Let $\beta_{i_{j}}$ be
the ij-th Betti number of $k[\Delta]$ and $\beta_{i_{j}}’$ the ij-th Betti number of $k[\triangle’]$ .
(4.6) LEMMA. For each $i\geq 1$ we have
$\beta_{i}’.\cdot+1=\beta_{i:+1}$ -li+
Proof. By virtue of Hochster’s formula as well as Lemma 4.4, we have
$\beta_{i}’.\cdot+1=$ $\sum$ $\dim_{k}\tilde{H}\mathrm{o}(\triangle’;Wk)$
$W\subset V’,$ $\#(w)=i+1$
$=,, \sum_{=\alpha\not\in W\subset V\#\mathrm{t}^{W})i+1}\dim k\tilde{H}_{0}(\Delta_{W}\prime k)+\sum_{+1};\dim_{k}\tilde{H}_{0}(\Delta’;Wk\alpha\in W\subset V’,$$\#(W)=i)$
$= \sum_{W\subset V,\#\mathrm{t}W)=i+1}\dim k\tilde{H}0(\triangle w;k)+\subset\#\mathrm{t}W)=\sum_{WV,i}\dim k\tilde{H}_{0}(\triangle W;k)+$
$=\beta_{i_{*+1^{+\beta i-1_{i^{+}}}}}.$ .. $\cdot$
as desired. Q. E. D.
(4.7) LEMMA. Let $\triangle=\Delta(P)$ denote the boundary complex of a
stacked $d$-polytope $P=P(v, d),$ $d\geq 3$ , with $v$ vertices. Then, for each
$1\leq i\leq v-d-1$ , the $i_{i+1^{-t}}h$ Betti number of $k[\Delta]=A/I_{\Delta}$ over $A$ is
$\beta_{i_{i+1}}^{A}$ $(k[\triangle])=i$ .





as required. Q. E. D.
Proof of Theorem 4.1. We are now in the position to give a proof of
Theorem 4.1. Since $\triangle=\Delta(P(v, d))$ is a simplicial $(d-1)$-sphere with $v$
vertices, we know that the homological dimension of $k[\triangle]=A/I_{\Delta}\mathrm{o}\mathrm{v}e\mathrm{r}A$
is $\mathrm{h}\mathrm{d}_{A}(k[\triangle])=v-d$ and that $\beta_{i_{j}}^{A}(k[\triangle])=\beta_{v-di}^{A}-v-j(k[\triangle])$ for every $i$ and
$j$ . By Lemma 4.5, we have $\beta_{i_{j}}^{A}(k[\triangle])=0$ for each $1\leq i\leq v-d-1$ and
for each $j\neq i+1,$ $i+d-1$ . On the other hand, Lemma 4.7 enables us to
compute $b_{i}=\beta_{i}^{A}.\cdot+1(k[\Delta])=\beta_{v-d-i}^{A}i-1(v-k[\triangle])$ for each $1\leq i\leq v-d-1$ .
Hence, we $\mathrm{o}\mathrm{b}t$ain a desired minimal free resolution of $k[\triangle]\mathrm{o}\mathrm{v}e\mathrm{r}A$.
\S 5. Connectivity of comparability graghs of
distributive lattices
We now study the comparability graphs of finite distributive lattices.
Every partially ordered set (“poset” for short) is finite. A poset ideal in a
poset $P$ is a subset $I\subset P$ such that $\alpha\in I,$ $\beta\in P$ and $\beta\leq\alpha$ together
imply $\beta\in I$ . A clutter is a poset in which no two elements are comparable.
A chain of a poset $P$ is a totally ordered subset of $P$ . The length of a
chain $C$ is $\ell(C):=\#(C)-1$ . The rank of a poset $P$ is defined to be
rank$(P):= \max${ $\ell(c)$ ; $C$ is a chain of $P$ }. Given a poset $P$ , we write
$\triangle(P)$ for the set of all chains of $P$ . Then $\triangle(P)$ is a simplicial complex on
the vertex set $P$ , which is called the order complex of $P$ . The comparability
graph $\mathrm{C}_{\mathrm{o}\mathrm{m}}(P)$ of a poset $P$ is the 1-skeleton $\triangle(1)(P)$ of $t$he order complex
$\triangle(P)$ . When $x\leq y$ in a poset $P$ , we define the closed interval $[x, y]$ to be
the subposet $\{z\in P;x\leq z\leq y\}$ of $P$ .
A lattice is a poset $L$ such that any two elements $\alpha$ and $\beta$ of $L$ have a
greatest lower bound $\alpha$ A $\beta$ and aleast upper bound $\alpha\vee\beta$ . Let $\hat{0}$ (resp.
$\hat{1})$ denote the unique minimal (resp. maximal) element of a lattice $L$ . A
lattice $L$ is called distributive if the equalities $\alpha$ A $(\beta\vee\gamma)=$ ( $\alpha$ A $\beta$ ) $\vee$ ( $\alpha$ A $\gamma$ )
and a V ( $\beta$ A $\gamma$ ) $=(\alpha\beta)$ A $(\alpha\gamma)$ hold for all $\alpha,\beta,$ $\gamma\in L$ . Every closed
interval of a distributive $1\mathrm{a}t$tice is again a distributive lattice. A fundamental
structure theorem for (finite) distributive $1\mathrm{a}t$tices (see, e.g., [Sta2, p. 106])
guarantees that, for every finite distributive lattice $L$ , there exists a unique
poset $P$ such that $L=J(P)$ , where $J(P)$ is the poset which consists of all
poset ideals of $P$ , ordered by inclusion. We say that a distributive lattice
$L=J(P)$ is planar if $P$ contains no three-element clutter. A boolean lattice
is a distributive lattice $L=J(P)$ such that $P$ is a clutter.
A chain $C:\hat{0}=\alpha_{0}<\alpha_{1}<\cdot\cdot d.<\alpha_{s-1}<\alpha_{s}=\hat{1}$ of a distributive lattice
$L$ is called essential if each closed interval $[\alpha_{i}, \alpha_{i+1}]$ is a boolean lattice. In
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particular, all maximal chains of $L$ is essential. Moreover, the chain $\hat{0}<\hat{1}$
of $L$ is essential if and only if $L$ is a boolean lattice. An essential chain
$C:\hat{0}=\alpha_{0}<\alpha_{1}<\cdots<\alpha_{s-1}<\alpha_{s}=\hat{1}$ is called fundamental if, for each
$1\leq i<s$ , the subchain $C-\{\alpha_{i}\}$ is not essent $\mathrm{i}\mathrm{a}\mathrm{l}$ .
(5.1) LEMMA. Let $\Delta$ be a simplicial complex on the vertex set $V$ with
$\#(V)=v$ and $i$ an integer with $1\leq i<v$ . Then the 1-skeleton $\triangle^{\mathrm{t}1)}$ of $\triangle$ is
$i$ -connected if and only if $\beta v-i,v-i+1(k[\Delta])=0$ .
Proof. The 1-skeleton $\Delta^{(1)}$ is $i$ -connected if and only if, for every subset
$W$ of $V$ with $\#(W)=i-1$ , we have $\tilde{H}_{0}(\Delta^{(1)}-W;Vk)(=\tilde{H}_{0}(\triangle_{V-W;}k))=0$ .
Moreover, by virtue of Eq. (2), $\tilde{H}_{0}(\triangle V-W;k)=0$ for every subset $W$ of $V$
with $\#(W)=i-1$ if and only if $\beta_{v-i,v}-i+1(k[\triangle])=0$ as desired. Q. E. D.
The following Lemma 52 is discussed in $[\mathrm{H}_{2}]$ .
(5.2) LEMMA $([\mathrm{H}_{2}])$ . Let $L$ be a ditributive lattice of rank $d-1$ with
$\#(L)=v$ and $\Delta=\Delta(L)$ its order complex. Then the $(v-d, v-d+i)$-th
Betti number $\beta v-d,v-d+i(k[\Delta])$ is equal to the number of fundamental chains
of $L$ of length $d-i-1$ .
We are now in the position to give the main result of $t$he this chapter.
(3.3) THEOREM. Suppose that a finite distributive lattice $L$ of rank
$d-1$ is non-planar. Then the comparability graph $\mathrm{c}_{\mathrm{o}\mathrm{m}}(L)$ of $L$ is d-
connected.
Proof. Let $P=\{p_{1},p_{2}, \cdots,p_{d-1}\}$ denote a poset with $L=J(P)$ and
At : $\hat{0}=\alpha_{0}<\alpha_{1}<\cdots<\alpha_{d-2}<\alpha_{d-1}=\hat{1}$ an arbitrary maximal chain
of $L$ . We may assume that $e$Ich $\alpha_{i}$ is the poset ideal $\{p_{1},p_{2}, \cdots,p_{i}\}$ of $P$ .
Since $L$ is non-planar, there exists a three-element clutter, say, $\{p_{l},p_{m},p_{n}\}$
with $1\leq l<m<n\leq d-1$ . Hence, for some $l\leq i<m,$ $p_{i}$ and $p_{i+1}$ are
incomparable in $P$ , and for some $m\leq j<n,$ $p_{j}$ and $p_{j+1}$ are incomparable
in $P$ . Let $l\leq i<m$ (resp. $m\leq j<n$ ) denote the least (resp. greatest)
integer $i$ (resp. $j$ ) with $t$he above property. Then $\beta=\{p_{1}, \cdots,p_{i1}-,pi+1\}$
and $\gamma=\{p_{1}, , . . ,pj-1,pj+1\}$ both are poset ideals of $P$ . Moreover, $\alpha_{i-1}<$
$\beta<\alpha_{i+1}$ in $L$ with $\beta\neq\alpha_{i}$ and $\alpha_{j-1}<\gamma<\alpha_{j+1}$ in $L$ with $\gamma\neq\alpha_{j}$ . Thus
the closed intervals $[\alpha_{i-1},\alpha_{i}+1]$ and $[\alpha_{j-1}, \alpha j+1]$ both are boolean. Hence, if
$i+1\leq j-1$ , then the chain $\mathcal{M}-\{\alpha_{i}, \alpha_{j}\}$ is essential. On the other hand,
if $i+1>j-1$ , i.e., $i=m-1$ and $j=m$, then $p_{l}<p_{l+1}<\cdots<p_{m-1}$
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and $p_{m+1}<p_{m+2}<\cdots<p_{n}$ in $P$ ; thus $\{pm-1,pm’ pm+1\}$ is a clutter of
$P$ . Hence the closed interval $[\alpha_{m-2}, \alpha]m+1$ of $L$ is boolean, and the chai$n$
$\mathcal{M}-\{\alpha_{m-1}, \alpha_{m}\}$ is essential. Consequently, $t$here exists no fundamental
chain of $L$ of length $d-2$ . Thus, by Lemma 5.2, $\beta_{v-d,d+}v-1(k[\triangle(L)])=0$ .
Hence, by Lemma 5.1 again, the comparability graph $\mathrm{C}\mathrm{o}\mathrm{m}(L)=\triangle(1)(L)$ of
$L$ is $d$-connected as desired. Q. E. D.
References
[Bac] K. Baclawski, Cohen-Macaulay connectivity and geometric lattices,
European J. Combin. 3 (1982), 293–305.
$[\mathrm{B}\mathrm{a}\mathrm{y}-Lee]$ M. Bayer and C. Lee, Combinatorial aspects of convex polytopes,
in “Handbook of Convex Geometry” (P. Gruber and J. Wills, $\mathrm{e}\mathrm{d}s.$),
$\mathrm{N}_{0}\mathrm{r}th-\mathrm{H}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d},$ $\mathrm{A}\mathrm{m}\mathrm{s}t\mathrm{e}\mathrm{r}\mathrm{d}\mathrm{a}\mathrm{m}/\mathrm{N}\mathrm{e}\mathrm{w}\mathrm{Y}_{0}\mathrm{r}\mathrm{k}/\mathrm{T}\mathrm{o}\mathrm{k}\mathrm{y}\mathrm{o}$, 1993, pp. 485-534.
[Bil-Lee] $\mathrm{L}.\mathrm{J}$ . Billera and $\mathrm{C}.\mathrm{W}$ . Lee, A proof of the sufficiency of $McMul\iota_{enS}$’
conditions for $f$-vectors of simplicial convex polytopes, J. Combinatorial
theory, Series A 31 (1981), 237–255.
$[\mathrm{B}\mathrm{r}\emptyset]$ A. $\mathrm{B}\mathrm{r}\emptyset \mathrm{n}\mathrm{d}\mathrm{s}te\mathrm{d}$ , “An introduction to convex polytopes,” Springer-
Verlag, New $\mathrm{Y}\mathrm{o}\mathrm{r}\mathrm{k}/\mathrm{H}e\mathrm{i}\mathrm{d}e\mathrm{l}\mathrm{b}e\mathrm{r}\mathrm{g}/\mathrm{B}e\mathrm{r}\mathrm{l}\mathrm{i}\mathrm{n}$ , 1982
[Bru-Her] W. Bruns and J. Herzog, “ $\mathrm{C}\mathrm{o}\mathrm{h}\mathrm{e}\mathrm{n}-\mathrm{M}\mathrm{a}\mathrm{c}a\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{y}$ Rings,” Cambridge
University Press, $\mathrm{C}\mathrm{a}\mathrm{m}\mathrm{b}\mathrm{r}\mathrm{i}\mathrm{d}\mathrm{g}e/\mathrm{N}e\mathrm{w}\mathrm{Y}_{0}\mathrm{r}\mathrm{k}/\mathrm{S}\mathrm{y}\mathrm{d}\mathrm{n}e\mathrm{y}$, 1993.
$[\mathrm{B}-\mathrm{H}_{1}]$ W. Bruns and T. Hibi, Cohen-Macaulay partially ordered sets with
pure resolutions, preprint (October, 1993).
$[\mathrm{B}-\mathrm{H}_{2}]$ W. Bruns and T. Hibi, Stanley-Reisner rings with pure resolutions,
Comm. in Algebra 23 (4) $(1995)$ 1201-1217.
$[\mathrm{H}_{1}]$ T. Hibi, “Algebraic Combinatorics on Convex Polytopes,” Carslaw
Publications, Glebe, N.S.W., Australia, 1992.
$[\mathrm{H}_{2}]$ T. Hibi, Face number inequalities for matroid complexes and Cohen-
Macaulay types of Stanley-Reisner rings of distributive lattices, Pacific
J. Math. 154 (1992), 253-264.
[H3] T. Hibi, Cohen-Macaulay types of Cohen-Macaulay complexes, J. Al-
gebra 168 (1994), 780-797.
29
$[\mathrm{H}_{4}]$ T. Hibi, Canonical modules and Cohen-Macaulay types of partially
ordered sets, Advance$s$ in Math. 106 (1994), 118-121.
[H5] T. Hibi, Buchsbaum complexes with linear resolutions, to appear in J.
Algebra.
[Hoc] M. Hochster, Cohen-Macaulay rings, combinatorics, and simplicial
complexes, in “Ring Theory II” (B. R. $\mathrm{M}\mathrm{c}\mathrm{D}_{0}n$ald an$\mathrm{d}$ R. Morris, $\mathrm{e}\mathrm{d}\mathrm{s}.$),
Lect. Notes in Pure and Appl. Math., No. 26, Dekker, New York, 1977,
pp.171 $-223$ .
[Mun] J. Munkres, Topological results in combinatorics, Michigan Math. J.
31 (1984), 113–128.
[Sch] P. Schenzel, Uber die freien Aufl\"osungen extremler Cohen-Macaulay-
Ringe, J. Algebra 64 (1980), 93–101.
$[\mathrm{S}\mathrm{t}\mathrm{a}_{1}]$ R. P. $\mathrm{S}t$anley, “Combinatorics and Commu$t$ative Algebra,”
Birkh\"auser, $\mathrm{B}\mathrm{o}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{n}/\mathrm{B}\mathrm{a}\mathrm{s}e1/\mathrm{S}\mathrm{t}\mathrm{u}tt\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{t}$ , 1983.
$[\mathrm{S}t\mathrm{a}_{2}]$ R. P. Stanley, “Enumerative Combinatorics, Volume I,” Wadsworth
&Brooks/Cole, Monterey, Calif., 1986.
$[\mathrm{T}-\mathrm{H}_{1}]$ N. Terai and T. Hibi, Stanley-Reisner rings whose Betti numbers
are independent of the base field, to appear in Discrete Math.
$[\mathrm{T}-\mathrm{H}_{2}]$ N. Terai and T. Hibi, Computation of Betti numbers of monomial
ideals associated with cyclic polytopes, Discrete Comput. Geom., to ap-
pear.
$[\mathrm{T}-\mathrm{H}_{3}]$ N. Terai and T. Hibi, Computation of Betti numbers of monomial
ideals associated with stacked polytopes, Preprint.
[T-H4] N. Terai and T. Hibi, Finite free resolutions and 1-skeletons of sim-
plicial complexes, Preprint.
30
